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In this work, we study the entanglement and topological properties of an extended flat-band
Creutz ladder by considering a flat-band compacton. Based on the flat-band compacton picture, we
find a multiple flat-band extension from the conventional two flat-band Creutz ladder. A simple ver-
tical inter-chain coupling leads to a four complete flat-band system and creates an additive staggered
flux pattern on the Creutz ladder. Interestingly, the strong coupling induces a topological phase
transition where the distribution of flat-band compactons is modified: upper and lower flat-band
compactons are paired up. This pairing leads to the destruction of the compactons’ entanglement
and, hence, to a vanishing edge mode ( i.e., the breakdown of non-trivial topological phase). Finally,
we study the localization dynamics induced by the presence of complete flat bands in this extended
flat-band system.
Introduction.— The investigation of flat-band models
is currently one of the hot topics in condensed matter
physics. So far, various theoretical models and artificially
constructed flat-band systems have been founded and ex-
tensively studied [1–5]. In particular, concrete flat-band
systems such as solid materials [8–11], synthetic photonic
crystals [12–15] and cold-atom optical lattice [16, 17] have
been actively researched. The rich physics of flat-band
models generally originates from distractive hopping in-
terferences. Flat-bands causes interesting phenomena:
flat-band ferromagnetization [1, 2], various quantum
phases under interactions [18–22], complete localization
phenomena called Aharanov-Bohn (AB) caging [3, 4],
and fractional topological phenomena [23]. Recently,
some artificial flat-band systems have been developed ex-
perimentally [5], also topologically flat-band models has
been proposed theoretically [6, 7]. In photonic crystal,
so far a photonic Lieb lattice and a diamond flat-band
lattice model have been realized and the AB casing dy-
namics was clearly simulated for both systems [12–14].
This is nothing but the observation of the localization of
light induced by flat-band nature, and also the localiza-
tion can be translated as disorder-free localization [24–
31] and ergodicity breaking, which have been extensively
discussed in the context of Anderson and many-body-
localization studies [32–34]. Also, Lieb lattice, having
one flat and two dispersive bands, has been realized in
an optical lattice system in which the atoms were loaded
in the flat-band state [16, 17], and the Creutz ladder [35]
has been implemented by employing different orbital de-
grees of freedom of atom and using a lattice modulation
technique [36].
The Creutz ladder is distinguishes itself from the
other flat-band models for possessing two complete flat
bands (at the condition of choosing suitable parame-
ters). Therefore, the topological aspects of this partic-
ular model (with or without interactions) have been the
subjects of extensive theoretical studies [37–40]. Addi-
tionally, the Creutz ladder is expected to exhibit exotic
topological phases (e.g., the fractional topological phase)
[41]. Overall, the Creutz ladder can be considered as a
simple but interesting model, which exhibits both flat-
band and topological features.
Motivated by both the most recent experimental
achievements [13, 36] and previous theoretical studies
on the Creutz ladder [42, 43], in this paper we pursue
deeper understanding of the properties of the flat-band
and topological phases that emerge on the Creutz ladder.
The flat-band Creutz ladder can be described by a local-
ized Wannier base called the flat-band compacton (FBC)
[44]. The FBC provides an intuitive picture of the AB
caging and various quantum phases even in the case of
interacting problems [18–20, 30, 31, 37–39, 45]. So far,
in previous studies, the Creutz ladder has been recog-
nized as two complete flat-band system. In this paper,
we show an extension: from the FBC picture, multiple
flat-band system can be constructed based on the con-
ventional Creutz ladder. The extension is not so compli-
cated: it requires only the addition of an inter-chain cou-
pling and of an on-site potential, which lead to multiple
flat-bands. The multiple flat-band Creutz ladder exhibits
a new topological phase transition, clearly described by
the distribution of the FBC. In particular the half-filled
groundstate properties described by the FBC changes sig-
nificantly through this new topological phase transition.
We discuss entanglement and topological properties in
detail with help of the FBC picture. Even in the multi-
ple flat-band model, the AB caging is naturally preserved
since the FBC system is a multiple band insulator. This
work shows rich flat-band topological phenomena based
on the Creutz ladder system and also gives possibility of
new topological phases some synthetic ladder experimen-
tal systems [46, 47].
Creutz ladder model.— As a base model of this work,
we consider the following Creutz ladder [35],
HC =
∑
j
[
−it1(a†j+1aj − b†j+1bj)
−t0(a†j+1bj + b†j+1aj) + h.c.
]
, (1)
2FIG. 1: (a) A conventional Creutz ladder. (b) Additive stag-
gered flux induced by vertical inter-chain coupling. (c) Ex-
tended unit cell for the four-flat band system. (d) Bulk-band
structure of HCd(k) for ∆0 = t0.
where a
(†)
j and b
(†)
j are the fermion annihilation (creation)
operators on the upper and lower chains, respectively. j
refers to a unit cell as shown in Fig. 1 (a). t1 and t0
are the intra-chain and inter-chain hopping amplitudes,
respectively. When t0 = t1, the model has two complete
flat-bands with E = ±2t0 due to the hopping interfer-
ence. In what follows, we set t0 = t1. The degenerate
eigenstates of the upper and lower flat bands, are given
by [18, 19, 42]
|W±,j〉 = W †±,j |0〉 =
1
2
[
ia†j + b
†
j ∓ a†j+1 ∓ ib†j+1
]
|0〉, (2)
where |0〉 is the empty state and W (†)± is a particle an-
nihilation (creation) operator called the flat-band com-
pacton (FBC) [15, 24, 25, 48, 49]. The FBC is a four-site
complete localized state. Here, {Wα,j ,W †β,k} = δαβδjk,
i.e., the FBC can be regarded as a fermion particle. By
using W±j operator, the flat-band Creutz ladder can be
detangled as follows:
HFBC =
∑
j
[
−2t0W †−,jW−,j + 2t0W †+,jW+,j
]
, (3)
The FBCs can be regarded as two component resided
particles on a lattice site j [24, 25]. The FBC is a key
element to extend the number of the flat-band.
Extension of flat-band.— The Hamiltonian HFBC pro-
vides an insight of the extension from a two flat-band
system to a multiple flat-band system. If a staggered
potential is added to HFBC, then
HFBC2 =
∑
j,s=±
[
(2ts,0 + (−1)j∆0)W †s,jWs,j
]
, (4)
where ts=±,0 = ±t0 and ∆0 is the amplitude of the stag-
gered potential. If |∆0| > 0, the two component FBC
described by HFBC2 turns into a two band system since
the system is described only by on-site terms. Hence,
this model can be easily turned into a complete four-flat-
band model. The Hamiltonian HFBC2 can be associated
with the original Creutz ladder description by using the
operators aj and bj. After some calculations [50], the
Hamiltonian HFBC2 results equal to the following:
HFBC2 = HC|t0=t1 +
∑
j
[
(−1)ji∆0a†jbj + h.c.
]
. (5)
Interestingly, the staggered potential of HFBC2 gives the
flat-band Creutz ladder only a simple vertical inter-chain
coupling. Such FBC structure is preserved even if a ver-
tical inter-chain coupling is added to the original Creutz
ladder. This vertical inter-chain coupling assigns an ad-
ditive staggered π-flux to each plaquette of the ladder
system (Fig. 1 (b)), and transforms the original two
flat-band system into a four flat-band system. Other
multipleflat-band systems can be constructed as shown
in Ref. [50].
In addition, for a finite ∆0, the unit cell is extended to
four sites (Fig. 1 (b)), the momentum representation of
RHS of Eq. (5), here denoted as HCd, can be given by
HCd(k) =


0 A B(k) C(k)
A∗ 0 C(k) D(k)
B∗(k) C∗(k) 0 A∗
C∗(k) D∗(k) A 0

 , (6)
where A = i∆0, B(k) = it0−it0e−ik, C(k) = −t0−t0e−ik
and D(k) = −it0 + it0e−ik. HCd(k) certainly gives four
complete flat-bands: E1 = −2t0 −∆0, E2 = −2t0 +∆0,
E3 = 2t0 −∆0 and E4 = 2t0 +∆0.
Phase transition at half-filling.— Based on HFBC2, we
can expect a direct phase transition under varying ∆0 at
half-filling (i.e., when the two lowest bands are occupied).
For ∆0 = 0 and under periodic boundary condition, a
groundstate with system size L can be simply described
by the lower band FBC W †−,j [42],
|GS1〉 =
L∏
j
W †−,j |0〉. (7)
The groundstate |GS1〉 is maintained in ∆0 < 2t0. How-
ever, at ∆0 = 2t0 the energy of the state W−,i∈even|0〉 is
comparable to that of the state W+,i∈odd|0〉. Then the
second touches to the third one. This is a signal of a
phase transition. We will later show that this is a topo-
logical phase transition. Furthermore, for ∆0 > 2t0, a
groudstate described by the FBC appears:
|GS2〉 =
∏
j∈odd
W †+,jW
†
−,j |0〉. (8)
Here, the upper and lower FBCs are located on the same
odd site (j ∈ odd) in the Creutz ladder picture: a par-
ing of the upper and lower FBCs is created (Fig. 2 (a)).
3en
ta
n
g
le
m
en
t 
en
tr
o
p
y
/(
lo
g
2
)
=3t0
= t0
0
0.5
1
1.5
2
2.5
3
0 0.5 1 1.5 2 2.5 3 3.5 4
0
0.2
0.4
0.6
0.8
1
1.2
0 0.5 1 1.5 2 2.5 3 3.5 4
en
ta
n
g
le
m
en
t 
sp
ec
tr
u
m
0
0.5
1
1.5
2
2.5
3
0 5 10 15 20 25e
n
ta
n
g
le
m
en
t 
en
tr
o
p
y
/(
lo
g
2
)A
FIG. 2: (a) Two types of groundstates described by the FBC. The blue vertical solid line represents the entanglement cut.
Under a periodic boundary condition, the two lines divide the periodic system into two subsystem. (b) Entanglement entropy
of the half-filled groundstate under varying ∆0. (c) Entanglement spectrum of the half-filled groundstate under varying ∆0.
(d) Scaling behavior of the entanglement spectrum under varying subsystem size ℓ. In all cases, the ladder length is L = 50,
and t0 = 1.
Therefore, the ∆0 increase at half-filling triggers a phase
transition, where the FBC configuration changes consid-
erably. In other words, the vertical inter-chain coupling
induces a phase transition in the Creutz ladder, while
maintaining the flat-band structure and the FBC picture.
In this sense, the transition described here is essentially
different from that reported in a previous study [43].
Entanglement in the four flat-band system.— The FBC
picture indicates that the vertical inter-chain coupling in-
creases the number of flat bands in the system from two
to four, and that the coupling induces a phase transi-
tion when ∆0 = 2t0. The entanglement and edge mode
properties of the conventional flat-band Creutz ladder
of HC|t0=t1 , [35, 42], as well as the effects of a vertical
inter-chain coupling (i.e., a constant hopping term) in
a non-flat ladder model have been previously discussed
[51, 52]. We examined the entanglement properties by
considering a finite ∆0 and employing Peschel’s method
[53–57]. We calculated the entanglement entropy (EE)
and the entanglement spectrum (ES) under a certain en-
tanglement cut. Our calculation was carried out in a
half-filled system with ladder length L and under a pe-
riodic boundary condition. The system was cut into two
halves: each subsystem had a ladder length equal to L/2.
In such flat-band system, we expect that the basic con-
tribution unit of the EE essentially comes from the cut
of a single FBC. The vertical cut of a single FBC gives a
basic contribution of the EE, then the basic contribution
is log 2. The simple calculation is shown in Ref. [50].
Figures 2 (b) and (c) show the dependence of the EE
and ES on ∆0. A clear topological phase transition at
∆0 = 2t0 is observed. The value of the EE changes from
2 log 2 to zero when ∆0 = 2t0. For ∆0 < 2t0, the ground-
state is |GS1〉, then the cuts on both sides of edge cor-
respond to the vertical cuts of the two lower band FBCs
located on the two edges of the subsystem. In this situ-
ation, EE is equal to 2 log 2. For ∆0 > 2t0, the ground-
state is |GS2〉 and the EE is equal to zero. Cutting a
single pairing of the lower and upper FBCs located on
both edges of the system seems to contribute to its EE;
however, this same action does not contribute to the EE
of the subsystem. This fact can be understood by con-
sidering a single-pairing state on a single plaquette as
shown in Ref. [50]. The pairing state exhibits no ten-
dency to create entanglements, although each FBC has
a finite value of EE. The pairing seems to exhibit a kind
of the distractive effect of the EE in the system. The
calculation of the ES also behaves as same with the EE.
For ∆0 < 2t0, two maximally entangled modes (MEM)
(for which ES = 1/2) appear [58]. This indicates nothing
but the presence of edge modes in the subsystem [57].
For ∆0 > 2t0, instead, the value of ES is always 0 or 1.
This indicates the presence of two complete flat -bands
without theand no MEM. From this behavior, the phase
transition at ∆0 = 2t0 can be expected to be a topolog-
ical one. In addition, we calculated the scaling behavior
of the EE by considering a fixed ladder length L and
varying the subsystem size ℓ. For both phases(∆0 = t0
and 3t0), the EE exhibits a complete area law scaling
(EE = const.). This result confirms the flat-band nature
of the system. At the critical point ∆0 = 2t0, we found
the EE behaves like a volume law scaling (EE∝ ℓ; data
not shown). Overall, the EE and ES results suggest that
the ∆0 term considerably affects the entanglement prop-
erties of the system, matching the FBC picture. Next,
we describe in detail the bulk topological properties.
Topological aspects of the flat-bands.— We character-
ize the bulk topological properties for a typical ∆0. The
energy-spectrum for the open boundary system is plotted
in Fig. 3. Depending on the value of ∆0 the spectrum
has edge modes between energy bands. For ∆0 = 0.5t0(<
2t0), as shown in Fig. 3 (a), two edge modes appear be-
tween the second and third bands. These edge modes are
given by a left localized mode |L〉 = (1/√2)[a†1 + ib1]|0〉,
and a right localized mode |R〉 = (1/√2)[a†L − ibL]|0〉,
both of which correspond to the edge modes for the usual
Creutz ladder [35, 42], and have a finite energy propor-
tional to ∆0, HFBC2|L(R)〉 = −∆0|L(R)〉. Notably, the
edge mode |L(R)〉 comes from the first (third) bulk-band:
if the system is at half-filling, only one edge mode is occu-
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FIG. 3: Energy spectrum for open boundary condition: (a)
∆0 < 2t0, (b) ∆0 > 2t0. The red and green dots represents
the left and right localized edge modes. These modes have
non-zero energy. (c) Band crossing of the second and third
bands triggers a topological phase transition at half-filling.
Each bulk band is characterized by Zak phase. (d) Zak phase
for lower-half and upper-half states.
pied. In the case of ∆0 > 2t0 case, we find that the same
two edge modes |L(R)〉 appear between the first and sec-
ond band as shown in Fig. 3 (b). The edge mode |L(R)〉
comes from the first (second) bulk-band: if the system is
at half-filling, both edge modes are occupied. Thus, the
half-filled state in ∆0 > 2t0 are essentially different from
that in ∆0 < 2t0.
By calculating the Zak phase we characterize the bulk
topological index. We calculated the gauge invariant ver-
sion of the Zak phase [59] obtained from the real space
eigenfunctions under a twisted boundary condition [41];
more details are given in Ref. [50]. The Zak phases
of each flat-bands are shown in Fig. 3 (c). The en-
ergy flat-bands E1 and E2 possess the non-trivial Zak
phases φZak = π and −π, respectively. Actually, here
the bulk-edge correspondence is confirmed since the en-
ergy flat-bands E1 and E2 generate edge modes under
open boundary condition as shown in Fig. 3 (a) and (b).
This result implies that the quarter-filled state is a non-
trivial topological phase. Notably, when the system is at
half-filling, the band crossing between the E2 and E3 en-
ergy flat-bands under varying ∆0 leads to a topological
phase transition. We plot the Zak phase for the half-filled
case in Fig. 3 (d): the Zak phase for the lower-half (first
+ second band) states exhibits a clear topological phase
transition at ∆0 = 2t0. For the upper-half (third + forth
band) states, the Zak phase behaves in the opposite way.
According to this bulk-edge topological character, the ∆0
term in Eq. (5) induces to a topological phase transition.
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FIG. 4: Return probability in a single particle dynamics. For
any value of ∆0, the RP does not decay. t0 = 1.
Localization dynamics.— The flat-band system de-
scribed above also shows a localization tendency. In
the case of the conventional flat-band Creutz ladder
(∆0 = 0), if we put on a single particles on a lattice site,
the AB caging appears the particle is localized with oscil-
lating and its exact dynamical solution has been known
[30, 31]. The dynamics involved in the AB caging dy-
namics have been directly observed in recent experiments
[12–14]. In the case of a finite ∆0, the localization dy-
namics are expected to be different. Therefore, we cal-
culated the AB caging dynamics of a single particle. For
the initial state, we consider a single localized particle,
|Ψ(0)〉 = a†j |0〉. We calculated the return probability
(RP) to characterize the particle localization tendency,
RP(t) = |〈Ψ(0)|Ψ(t)〉|2, where |Ψ(t)〉 = e−iHFBC2t|Ψ(0)〉.
The results for typical values of ∆0 are shown in Fig. 4.
The localization is preserved Even for a finite ∆0 al-
though the RP oscillation pattern is modified compared
to the ∆0 = 0 case, where RP(t) = cos
2(2t) [30, 31],
(unit of time is h¯/t0). Even for a finite ∆0, the parti-
cle dynamics are limited between j − 1 and j + 1 rungs.
Accordingly, the AB caging is preserved and the localiza-
tion length does not change even for the four complete
flat-band model, and we expect that the four flat-band
system does not thermalize even for many particle system
prepared as a non-entangled state.
Conclusion.— We have shown an extension of the con-
ventional flat-band Creutz ladder. The recipe to con-
struct a complete four flat-band model was shown with
the help of the FBC picture. Essentially, from the FBC
picture, by extending this recipe, more multiple flat-band
model can be constructed based on the original flat-band
Creutz ladder. This flat-band extension might be ap-
plied to other flat-band models such as a diamond lattice.
Moreover, we found that the four complete flat-band ex-
hibits a non-trivial topological phase transition, where
the FBC distribution changes, and that the localization
properties are preserved even in the four flat-band model.
Based on this four flat-band model, the detection of a
fractional topological insulator [23] would be an interest-
5ing topic of study.
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6SUPPLEMENTAL MATERIAL
Flat-band compacton picture and introduction of a modulated potential
In order to extend the two flat-band model to a four flat-band model and understand localization properties, it is
useful to introduce the w-particle picture and the flat-band compacton (FBC) picture.
First, we start with introducing the following operators:
w†Aj = ia
†
j + b
†
j, w
†
Bj = −ia†j + b†j , (9)
where we can prove {w†Aj , wBj} = 0. We regard w†A(B)j as a particle, i.e., w-particle. This transformation is a kind
of detangling for a lattice system [24], then the w-particle representation of the flat-band Creutz ladder HC|t0=t1 is
given by
HC|t0=t1 =
∑
j
[
it0w
†
A,jwBj+1 − it0w†Bj+1wA,j
]
. (10)
The above equation indicates that the A and B w-particles hopped to adjacent sites while the component changed
from A to B or vice versa. However, these particles are prevented from extending into all lattice sites. In fact, the
{wA, wB}-particles are strictly localized on two adjacent rungs of the ladder. Furthermore, the w-particle operators
are connected to the FBC operators of Eq. (2) in the main text:
W †+,j =
1
2
(w†Aj − iw†Bj+1), W †−,j =
1
2
(w†Aj + iw
†
Bj+1). (11)
From these relations, we obtain HFBC of Eq. (3) in the main text. Let us consider introducing the staggered potential
to HFBC. Then, the w-particle representation can be applied to HFBC2 without any difficulties, the representation is
given by
HwFBC2 =
∑
j
[
(it0w
†
A,jwBj+1 − it0w†Bj+1wA,j) + (−1)j
∆0
2
(w†A,jwA,j + w
†
B,j+1wBj+1)
]
. (12)
The second term of the RHS is derived from the staggered potential term of HFBC2. Through the w-particle repre-
sentation, we obtain the second term in the RHS of Eq. (5) in the main text. By using the relations shown in Eq. (9),
and shifting the summation index j + 1→ j in the w†B,j+1wBj+1 terms, the second term of the RHS in Eq. (12) can
be represented by the original operators a†j and b
†
j :
(Second term of Eq. (12)) =
∑
j
[
(−1)j∆0
2
(w†A,jwA,j − w†B,jwBj)
]
=
∑
j
[
(−1)j∆0ia†jbj + h.c.
]
. (13)
This is the second term in the RHS in Eq. (5) in the main text.
By further extending the above method, we constructed a multiple-flat-band generalization based on the Creutz
ladder. The following modulated potential of the FBC is added to HFBC of Eq. (3) in the main text:
V mn =
∑
j,s=±
[
∆0 cos
(
2πj
n
)
W †s,jWs,j
]
. (14)
By adding this potential, it is possible to change the two-band insulator described by HFBC into a 2n-band insulator
(considering the FBC system). This change results in a 2n complete flat-band system HFBC + V
m
n . In the original
Creutz ladder picture, the potential V mn was given by
V mn = ∆0
∑
j
[
cos
(
2πj
n
− π
n
)
cos
(
π
n
)
(a†jaj + b
†
jbj)− sin
(
2πj
n
− π
n
)
sin
(
π
n
)
(ia†jbj − iajb†j)
]
. (15)
In order to extend the original flat-band Creutz ladder to a 2n flat-band model, it is necessary to impose an on-site
modulated potential along site j and a complex vertical coupling in correspondence of site j.
7FIG. 5: Single lower flat-band compacton
Entanglement entropy for a single FBC on four site system
In order to clarify the primitive entanglement properties of the FBC, we consider a simple four site system where a
single lower FBC W †−,1|0〉 is resided on a single plaquette, i.e., four sites as shown in Fig. 5. Here, consider splitting
the four-site system into two helves called A(B)-subsystem as shown in Fig. 5. The state of the single lower FBC is
concretely expressed as follows:
|W−,1〉 = 1
2
[
ia†1 + b
†
1 + a
†
2 + ib
†
2
]
|0〉 = 1
2
[
|1, a〉A|0〉B + |1, b〉A|0〉B + |0〉A|2, a〉B + |0〉A|2, b〉B
]
. (16)
Here, |0〉 is the empty state and for the second line, |·〉A(B) is a single-particle state in A(B)-subsystems. From this
state |W−,1〉, the density matrix is given by ρAB = |W−,1〉〈W−,1|. Moreover, by tracing out the B-subsystem we can
obtain the partial density matrix directly:
ρA =
1
4
[
|1, a〉A〈1, a|A + i|1, a〉A〈1, b|A − i|1, b〉A〈1, a|A + |1, b〉A〈1, b|A + 2|0〉A〈0|A
]
. (17)
The ρA has eigenvalues, λ1 = 1/2,λ2 = 1/2, and λ3 = 0. Accordingly, the entanglement entropy for the two-site
A-subsystem is sA = −
∑
ℓ λℓ logλℓ = log 2. Therefore, when we cut the single lower FBC in half we get log 2 as the
basic unit of the contribution of entanglement entropy. Actually, the basic unit of the contribution of the entanglement
entropy is analogs to the contribution from a single singlet state on the strong link in the Su-Sherifer-Heeger model
[57]. In addition, even for a single upper FBC state, W †+,1|0〉, we also obtain log 2 as the contribution of entanglement
entropy in system. This basic contribution also becomes the signal of the presence of an edge mode. If at half-filling
the groundstate is given by |GS1〉 of Eq. (7) in the main text, then when we cut the system into two helves, the
subsystem entanglement entropy can only be obtained by cutting only two lower FBCs located on each boundaries.
Hence, the subsystem entanglement entropy of |GS1〉 becomes 2 log 2. This contribution implies the presence of an
edge mode as a non-trivial topological phase [42, 57]. For |GS1〉, at any sub-system size, we get 2 log 2 as the subsystem
entanglement entropy.
Entanglement entropy for a single pair FBC state on four site system
For ∆0 > 2t0, the system exhibits the groundstate |GS2〉. Here, for odd lattice site j, both lower and upper FBCs
are located, i.e., W †j,+W
†
j,−|0〉, which can be regarded as a pairing state of the FBCs. At a grace, when the single
pairing state is cut into two helves, the entanglement entropy may be two times of log 2 since the two FBCs are cut.
This intuitive picture is however not correct as demonstrated in detail below. As already done for the single FBC on
a single plaquette, we calculate the entanglement entropy for the single pairing state on a single plaquette by using
Peschel’s formulation [55, 57]. First, we calculate the subsystem correlation function:
Ccorr = 〈c†i cj〉 = |W1,−〉〈W1,−|+ |W1,+〉〈W1,+|
=


1/2 i/2 0 0
−i/2 1/2 0 0
0 0 1/2 −i/2
0 0 i/2 1/2

 , (18)
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where i, j = 1, 2, 3, 4 as shown in Fig. 6, and we used |W1,+〉 = (1/2)[i, 1, 1, i]t, |W1,−〉 = (1/2)[i, 1,−1,−i]t. Second,
we truncate the correlation matrix into two halves (we call the either one the A-subsystem):
Ccorri,j∈A =
[
1/2 i/2
−i/2 1/2
]
, (19)
The eigenvalues of the above matrix are either zero or one, i.e, the subsystem exhibits no maximally entanglement
mode (MEM) [58]. Therefore, all eigenmodes do not contribute the entanglement entropy of the A-subsystem.
Calculation of Zak phase from real space representation
The Zak phase is calculated from the slater determinant given by single particle eigenstates in real space repre-
sentation. We introduce the twisted boundary phase condition. The hopping parameters on boundary are changed:
t0 → t0eiθ, t1 → t1eiθ, where θ ∈ (0, 2π]. In practical calculation we employ a discretized θℓ = 2πℓ/Nθ where
ℓ = 1, 2, · · · , Nθ. The many particle wave function represented by real space and characterized by θℓ is given by using
single particle states,
|Ψ(θℓ)〉 = 1√
NF !
∣∣∣∣∣∣∣
|ψ1θℓ〉 · · · |ψNFθℓ 〉
...
. . .
...
|ψ1θℓ〉 · · · |ψNFθℓ 〉
∣∣∣∣∣∣∣
(20)
where |ψαθℓ〉 is α-th single particle state, α = 1, · · · , NF , and |ψαθℓ〉 is represented by real space bases. NF is the
number of maximum occupied state, determined by Fermi energy. Here, by using |Ψ(θℓ)〉 the Zak phase is given by a
discretization form [59]
φZak = −
Nθ∑
ℓ=1
Im ln〈Ψ(θℓ)|Ψ(θℓ+1)〉, (21)
where the inner product is given by the single particle eigenstates,
〈Ψ(θℓ)|Ψ(θℓ+1)〉 =
∣∣∣∣∣∣∣∣
〈ψ1θℓ |ψ1θℓ+1〉 · · · 〈ψ1θℓ |ψNFθℓ+1〉
...
. . .
...
〈ψNFθℓ |ψ1θℓ+1〉 · · · 〈ψ
NF
θℓ
|ψNFθℓ+1〉
∣∣∣∣∣∣∣∣
.
The Zak phase of Eq. (21) is actually gauge invariant. Although an arbitrary global phase are attached to each
eigenstate when it is generated numerically, we can obtain correct values of the Zak phase. Of course, the Zak phase
of Eq. (21) can be also calculated from the momentum eigenstate obtained by the bulk momentum Hamiltonian
HCd(k) of Eq. (6) in the main text. Each band results of the Zak phase gives same results with the results obtained
by using Eq. (21).
